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Abstract 

In this paper we are going to study a class of Schrodinger-Poisson system 

f — Au + {Xa{x) + l)u + (pu = f (u) in K.^, 

1 —A(j) = in 

Assuming that the nonnegative function a{x) has a potential well int(a“^({0})) 

consisting of k disjoint components Di,fl 2 ,., Dfc and the nonlinearity f(t) has a 

subcritical growth, we are able to establish the existence of positive multi-bump 
solutions by variational methods. 
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1 Introduction 

This paper was motivated by some recent works concerning the nonlinear Schrodinger- 
Poisson system 


/ ~ —^'4’ + V{x)'4> -h 4>{x)4> — in M^, 

\ —Alp = in 


{NSP) 


where V : —>■ M is a nonnegative continuous function with inf V {x) >0, 2<p<2* = 6 

and : O —>■ C and : O —)■ M are two unknown functions. 

The first equation in system (NSP), called Schrodinger equation, describes quantum 
(non-relativistic) particles interacting with the eletromagnetic field generated by the 
motion. An interesting phenomenon of this Schrodinger type equation is that the potential 
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(j){x) is determined by the charge of wave function itself, that means, (j){x) satisfies the 
second equation (Poisson equation) in system (NSP). 

As we all know, the knowledge of the solutions for the elliptic system 


f — Au+ V{x)u + 4>u = f{u) in 
( —Acj) = in 


(SP) 


has a great importance in studying stationary solutions 'ip{x,t) = of (NSP). It 

is convenient to observe that the system {SP) contains two kinds of nonlinearities. The 
hrst one is (j){x)u which is nonlocal, since the electrostatic potential (j){x) depends also 
on the wave function, and is used to describe the interaction between the solitary wave 
and the electric field. The second type of nonlinearity f{u) is a local one which has been 
used to model the external forces involving only functions of fields. For more information 
about the physical background of system {SP), we cite the papers of Benci-Fortunato |6], 
Bokanowski &: Mauser [8], Mauser |24) . Ruiz |26| . Ambrosetti-Ruiz [1] and S’anchez & 
Soler |28| . 

An important fact for system {SP) is that it can be reduced into one single Schrodinger 
equation with a nonlocal term (see, for instance, [a EZl [261EO]). Effectively, by the Lax- 
Milgram Theorem, given u G H^{M.^), there exists an unique (f> = (l)u ^ such 

that 

—Acj) = in M^. 

By using standard arguments, we know that <))„ verifies the following properties (for a proof 
see [UllMlEQ]): 

Lemma 1.1. For any u G H^{M.^), we have 

i) cl)u{x) = [ -—dy for all x G 
Jr 3 lx - y\ 

ii) there exists C > 0 




dx < C'||ti|||Hl(]R3) 


Vw G H^{^^), 


where ||tt||//i(R3) 


(|Vrtp + \u^)dx 


1 

2 


in) (fu > 0 '^u ^ H^{R^); 


iv) <ftu = t^4'u, Vt > 0 and u G Ff^(M^); 


v) if Un ^ u in H^{K^), then (j)u„ 

lim 

n^ + CX) 

vi) if Un ^ u in H^{M.^), then 

lim 

rx^+oo 


^ (fu in' and 

/ 4>u^ul_dx > / (fuU^dx 

—>■ (pu in L)^’^(M^). Henee, 

/ (punUndx = / (puU^dx 
JR3 4R3 
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Therefore, {u, (p) G x is a solution of (SP) if, and only if, u £ 

is a solution of the nonlocal problem 

J -Au + V{x)u + (puU = f{u) in M^, , , 

\ u£ ^ ’ 


where (pu = (p £ 

Now, we would like to emphasize that the existence of solutions for problem (P) can 
be established via variational methods. Associated to the elliptic equation (P), we have 
the energy functional I : P —>■ M given by 



where F{s) = Jq f{t)dt and E is the function space 


E = 


u 


£ H^{ 


V{x)\u\‘^ < +00 


endowed with the norm 


(|Vii|^ + V {x)\u\‘^)dx 
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Supposing some conditions on /, Lemma [1.11 implies that the functional I is well defined 
and I £ C^{E,R) with 

l'{u)v= / VuVvdxP / V{x)uvdx+ / (puUvdx — / f{u)vdx yu,v £ E. 

dR3 Jr3 JrS Jr3 

Hence, the critical points of functional I are in fact the weak solutions for nonlocal problem 

iP)- 

From the above commentaries, we know that the system (SP) has a nontrivial solution 
if, and only if, the nonlocal problem (P) has a nontrivial solution. In the last years, many 
authors had studied the system {SP) and focused their attentions to establish existence 
and nonexistence of solutions, multiplicity of solutions, ground state solutions, radial and 
nonradial solutions, semiclassical limit and concentrations of solutions, see for example the 
papers of Azzollini &: Pomponio |5], Cerami &: Vaira |9], Coclite |10| . D’Aprile & Mugnai 
mm, d’Avenia m, lanni |19) . Kikuchi |18) . and Zhao & Zhao m- For the problem set 
in a bounded domain, we would like to cite the papers of Siciliano m, Ruiz &: Siciliano 
m and Pisani & Siciliano |25) for nonnegative solutions and Alves &: Souto [3], lanni 
|2n| and Kim & Seok |22| for sign-changing solutions. However, related to the existence 
of multi-bump solutions for Schrodinger-Poisson system with potential well, as far as we 
know, there seems to be no existing results. 

In the present paper, we will assume that potential V{x) is of the form 


V{x) = Aa(x) + 1, 
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where A is a positive parameter and a : ^ R is a nonnegative continuous function. 

Hence, the problems (SP) and (P) can be written respectively as 


( — Au + {Xa{x) + l)u + (j)u = f (u) in R^, 
I —A4> = in R^, 


{SP)x 


f —Au+(Aa(x) + l)u + (f)uU = f(u) in R^, 
\ uGP^(R3). 


(^)a 


To state the main result, we assume that the function a(x) verifying the following 
conditions: 


(oi) The set int(a“^({0})) is nonempty and there are disjoint open components 171,^2,., 

such that 

int(a“^({0})) = (1.1) 

and 


dist{Qi, Clj) > 0 for i 7 ^ j, i, j = 1,2, ■ ■ ■ ,k. 
From (oi), we see that 


a-^m) = 


Related to the function /, we will assume the ensuing conditions: 

(/i) lim'^=0, 

s 

(/2) lim ^ = 0, 

|s|—^-|-oo S 

(/a) There exists 0 > 4 such that 


( 1 . 2 ) 

(1.3) 


0 < 0P(s) < s/(s) VseR\{0}. 


Moreover, we also assume that the nonlinearity / satisfies 


ih) 



is increasing in |s| > 0. 


The motivation to investigate problem {SP)x goes back to the papers [T] and |15) . In 
m, inspired by m and [29], the authors considered the existence of positive multi-bump 
solution for the problem 


J — Au P {Xa{x) + Z{x))u = u'^ in R^, 
\ u€ 


Q S (1, ^^) if N > 3] q €z (1, oo) if = 1, 2. The authors showed that the above problem 
has at least 2^ — 1 solutions u\ for large values of A. More precisely, for each non-empty 
subset T of {1,... , A:}, it was proved that, for any sequence An —t oo we can extract a 
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subsequence {Xn^) such that (ua„.) converges strongly in to a function u, which 

satisfies u = 0 outside fix = UjeT and , j G T, is a least energy solution for 


—Au + Z{x)u = in Oj, 
u G u > 0, in Vlj. 


(1.5) 


After, in [T], Alves extended the results described above to the quasilinear Schrodinger 
equation driven by p-Laplacian operator. 

Involving the Schrodinger-Poisson system with potential wells, there are not so many 
existing papers. As far as we know, the only paper that considered the existence of solutions 
for system {SP)\ is due to Jiang and Zhou |21| where the authors studied the existence and 
properties of the solutions depending on some parameters. However, nothing is known for 
the existence of multi-bump type solutions. Motivated by the above references, we intend 
in the present paper to study the existence of positive multi-bump solution for {SP)x. 
However, we need to point out some difficulties involving this subject: 

1- It is well known that the equation (11.51) plays the role of limit equation for (II.4p as A goes 
to infinity and the ground state solution of (|1.5p plays an important role in building the 
multi-bump solutions for (II.4p . However, little is known about what is the corresponding 
limit equation for equation {P)x when the parameter A goes to infinity. 

2- Once discovered the limit problem for equation {P)x , it is crucial to prove that it has 
a specially shaped least energy solution on a subset of the Nehari manifold , see Section 2 
for more details. 

3- When we apply variational methods to prove the existence of solution to {SP)x, we are 
led to study a nonlocal, see problem {P)x above. However, for this class of problem, it is 
necessary to make a careful revision in the sets used in the deformation lemma found in 
[U and [I5] to get multi-bump solution, since they don’t work well for this class of system, 
see Sections 6 and 7 for more details. 


Our main result is the following 

Theorem 1.2. Assume that (oi) and (/i) — (f^) hold. Then, there exist Aq > 0 with 
the following property: for any non-empty subset T of {1,2, ...,k} and A > Aq, problem 
{Px) has a positive solution ux- Moreover, if we fix the subset T, then for any sequence 
Xn ^ oo we can extract a subsequence (A^J such that {ux„.) converges strongly in 
to a function u, which satisfies u = 0 outside fix = Ujgx 
solution for the nonlocal problem 


Tlj, and is a least energy 


—Au+U+ 


u^{y) 


Q.r - y\ 

u{x) > 0 Vx G Tlj and Vj G T 
t u G HliTtx). 


dy]u = f{u) in ilx. 


(P) 


cc,,T 
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In the proof of Theorem ll.2[ we need to study the existence of least energy solution 
for problem {P)oo,T- The main idea is to prove that the energy function J associated with 
nonlocal problem {P)oo,T given by 

= o [ + 7 f (j)uu‘^dx — f F{u)dx, 

^ Jur Jor 

assumes a minimum value on the set 

Air = {u € Afr : J'{u)uj = 0 and Uj 7 ^ 0 Vj G T} 
where Uj = and Afr is the corresponding Nehari manifold defined by 

Afr = {u G HQ{^}r) \ {0} : J'{u)u = 0 }. 

More precisely, we will prove that there is tc G such that 

J{w) = inf J{u). 

After, we use a deformation lemma to prove that re is a critical point of J, and so, re is a 
least energy solution for {P)oo,T- The main feature of the least energy solution w is that 
w{x) > 0 Vx G fij and Vj G T which will be used to describe the existence of multi-bump 
solutions. 

Since we intend to look for positive solutions, through this paper we assume that 

f{s) = 0 , s < 0 . 


2 The problem (P)oo,t 

In what follows, to show in details the idea of proving the existence of least energy solution 
for (T’)oo,T) we will consider T = { 1 , 2 }. Moreover, we will denote by O, Af and Ad the 
sets rix) Afr and Adr respectively. Thereby, 

0 = U 112, 

AT = {n G Hl{n) \ {0} : J'{u)u = 0} 

and 

Ad = {u ^ Af : J'{u)ui = J'{u)u 2 = 0 and tti, tt 2 7 ^ 0}, 
with Uj = ,3 = 1, 2 . 

Since we want to look for least energy for {P)oo,T, our goal is to prove the existence of 
a critical point for J in the set Ad. 
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2.1 Technical lemmas 


In what follows, we will denote by 
^^0(^2) given by 


|i and II II2 the norms in Hq{Q), Hq{Qi) and 


m = 


(|Vttf + \uf)dx , 


^lli = ( / (|Vii|^ + |tip)(ix 


and 


respectively. 


^Ib = ( / (|Vub + |tip)(ix 

'^2 


In order to show that the set A4 is not empty, we need of the following Lemma. 

Lemma 2.1. Let v € Hq{LI) with Vj ^ 0 for j = 1,2. Then, there are t,s > 0 such that 
J'{tvi + sv 2 )vi = 0 and J'{tvi + 8 X 2)02 = 0. 

Proof. It what follows, we consider the vector field 

H{s,t) = [J'{tvi + SV 2 ){tVl),j'{tVl + SV 2 )isV 2 )) ■ 

From (/i) — (/s), a straightforward computation yields that there are 0 < r < 12 such that 

J'{rvi + sv 2 ){rvi), J'{tvi +rv 2 ){rv 2 ) > 0, Vs,t G [r, 12] 

and 

j'{Rvi + sv 2 ){Rvi), J'{tvi + Rv 2 ){Rv 2 ) < 0, Vs,t G [r, 12]. 

Now, the lemma follows by applying Miranda theorem |23) . □ 

As an immediate consequence of the last lemma, we have the following corollary 
Corollary 2.2. The set A4 is not empty. 

Next, we will show some technical lemmas. 

Lemma 2.3. There exists p > 0 such that 
(i) J{u) > ||rt|p/4 and ||n|| > p, Vtt G Af; 

(a) ||rcj||j > p, Vw G AA and j = 1,2, where wj = = 1,2. 

Proof. From {fi), for any tt G Al 

4J(ri) = 4J(ri) — J'{u)u = ||tt|b + [ [uf{u) — 4:F{u)]dx > ||rt|b 

Jn 
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and so, 


j(u) > ||ii|p/4, yu^N. 

From (/i) and (/ 2 ), there is C > 0 such that 

f{s)s < + Cs^, for all s G M, 

where Ai is the first eigenvalue of {—A,Hq{Q)). Since J'{u)u = 0, 

ll^lP<ll^lP+ [ 4>uU^dx = f uf{u)dx<-^ f v?dx + C f u^dx. 

J ^ J ^ "t/Q J Q, 

Then, by Sobolev embeddings, 


from where it follows that 


where p = j j finishing the proof of (i). 

If re G Ai, we have that J'{w)wi = J'{w)w 2 = 0. Then, a simple computation gives 
J'{wj)wj < 0 for j = 1,2, which implies 




|u|| > p Vu G Af, 




□ 


+ / (t)wj{wjf‘dx < / f{wj)wjdx, for j = 1,2. 

J j J ^^.7 

As in (z), we can deduce that Hzr’jHj > p for j = 1,2. 

Lemma 2.4. If {wn) is a bounded sequence in Ai and p G (2,6), we have 

liminf / \wn jFdx > 0 j = 1,2. 

"■ Juj 

where Wnj = Wnln^ for j = 1,2. 

Proof. From (/i) and (/ 2 ), given e > 0 there exists C > 0 such that 

f{s)s < eXis^ + C\sf’ + es®, for all s G M. 

Since Wn G AI, by Lemma 12.31 

< lkn,il|j < / Wn,jf{Wn,j)dx<£Xi {Wn,j)‘^dx + C \Wn,j\^dx + £ {Wn,jfdx 
P^ < e ( Ai / {Wn,j)‘^dx+ / {Wn,j)^dx\+C / \Wn,j\^dx. 

y Jflj J flj J J Qj 


that is. 


Using the boundedness of {wn), there is Ci such that 


Fixing e = we get 


showing that 


<£Ci + C 


I 

J 


m 


n,] 


\^dx. 



□ 


2.2 Existence of least energy solution for (P)oo,t 

In this subsection, our main goal is to prove the following result 

Theorem 2.5. Assume that (/i) — (f^) hold. Then equation {P)oo,T possesses a positive 
least energy solution on the set A4. 

Proof. In what follows, we denote by cq the infimum of J on that is, 

Co = inf J{v). 
v^Ai 

From Lemma l2.3l i). we conclude that cq > 0. 

By Corollary I2.2[ we know that Ad is not empty, then there is a sequence (tc„) C Ad 
satisfying 

lim J(u;n) = cq. 

n 

Still from Lemma l2.3l fil. {wn) is a bounded sequence. Hence, without loss of generality, 
we may suppose that there is re € verifying 

Wn ^ w in 


Wn 


w in U’{VL) Vp € [1,2*) 


and 


Wn{x) —>■ w[x) a.e. in H. 

Then, (/ 2 ) combined with the compactness lemma of Strauss [71 Theorem A.I, p.338] gives 


lim 

n 



Wjl^dx, 


Wjf{wj)dx 
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and 


lim / F{wn,j)dx = / F{wj)dx, 

"■ Jui Jui 


from where it follows together with Lemma [2.41 that Wj ^ 0 for j = 1, 2. Then, by Lemma 
[Q there are t,s > 0 verifying 

J'{twi + sw 2 )wi = 0 and j'{twi + 31 x 2)102 = 0. 

Next, we will show that t, s < 1. Since J'{wnj)wn,j = 0 for j = 1, 2, 


I |l 


+ / 4>Wn,i{Wn,l)‘^dx + / (i>w„,2iWn,l)‘^dx = / f iWn,l)Wn,ldx 

1 /Qj »/ 


and 


\Wn,2\\l + / + / (l)w„,iiWn, 2 )‘^dx = / f {Wn, 2 )Wn, 2 dx. 

J Q2 ^2 ^ 


/ ri2 ^2 

Taking the limit in the above equalities, we obtain 


? + 


and 


/ + / 4>W2iwi)‘^dx < / f{wi)widx 

1 ^ 2112 + / + / (j)wiiw2)‘^dx < / f{w2)w2dx. 

Jq. 2 Jn2 Jn2 


Recalling that 


it follows that 


j' {twi + SW 2 ){tWl) = j'{twi + SW2){sW2) = 0, 




and 


/ / (j)w 2 {'^i)‘^dx = / f{twi)twidx 

■/qi t/rii </qi 

/ </>u)2('W^2)^dx + = / f{sw2)sw2dx. 

J £^2 £^2 £^2 

Now, without loss of generality, we will suppose that s >t. Under this condition, 

/ (I)w^{w2)‘^dx + s'^ j 4‘w2i'Wi)‘^dx > / f{sw2)sw2dx 

■/£^2 "^£^2 "^£^2 


s2||u;2||2 + s^ 


■5^11^2112 + 


and then 




If s > 1, the left side in this inequality is negative, but from (/ 4 ), the right side is positive, 
thus we must have s < 1, which also implies that t < 1. 

Our next step is to show that J{twi + src 2 ) = cq. Recalling that twi + st (;2 G Ad, we 
derive that 

Co < J{twi + 5 ^ 2 ) = J{twi + src 2 ) — ^ + sw 2 ){twi + su; 2 )- 
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Hence 


From (/ 4 ), 


and 


leading to 


Co < - ^J'{twi){twi)^ + (^J{sw2) - ^J'(sr(;2)(st(;2)^ . 


J{twi) - ^J'{twi){twi) < J{wi) - ^J'{wi){wi) 
J{SW2) - ^J'{SW2){SW2) < J{W2) - ^J'{W2){W2) ■, 


Co < (^J{wi) - ij'('w;i)(r(;i)^ + (^J{w2) - ^J'{w2){w2)^ ■ 

Using Fatous’ Lemma together with (f^), we see that 

Co < J(twi + SW 2 ) < liminf ( J(wn) - \j'(wn)wn] = lim J{Wn) = Co, 

n \ 4 J n 

which means that 

Co = J{tWi + SW2). 

Until this moment, we have proved that there exists a Wo = twi + SW 2 G M, such that 
J{wo) = cq. In what follows, let us denote Wq by w, consequently 

J{w) = Co and w G M. 

To complete the proof of Theorem 11.21 we claim that to is a critical point for functional 
J. To see why, for each ip G Hq{Q), we introduce the functions Q* : —)■ M, i = 1, 2 given 
by 


Q 


^{r,z,l)= \V{wi+r(pi +zwi)\‘^dx+ 4 >{w+r^+zwi+iw 2 )iwi + rcpi + zwi) 
J Qi J ill 


‘dx 


’ Qi 


f{wi + npi + zwi){wi + rifi + zwi)dx 


and 


Q'^{r,z,l)= \V{w 2 + rip 2 + lW 2 )\‘^dx+ 4>{w+r^+zwi+lw2)iw2 + r(p 2 + IW 2 ) 

J 0.2 O 2 


'dx 


- / f{w 2 + 'rip 2 + IW 2 ){W 2 + r(f 2 + lW 2 )dx. 
J r22 


By a direct computation, 

dQ^ 


dz 


(0,0,0) =2 f iVrcipdx + d j (j>ww\dx — / {f'{wi)w\ + f{wi)wi)dx 

J £li J £7i J £li 


and so, 


dQ^ 

dz 


(0,0,0)=/ {f{wi)wi - f'{wi)wl)dx+ 2 [ (p^wjdx 
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By (f^), we know that /'(s)s^ > 3f{s)s for all s > 0. Thus, 

^-(0,0,0) <-2 f{wi)widx-J (py^wldx 

Now, recalling that J'{w)wi = 0, we have 

ll'“^i||^+ / 4>wWidx = / f{wi)widx. 


Then, 

dQ^ 

dz 

The same type of argument gives 

5Q2 

dl 


(0,0,0) < -2||u;i||2 <0. 


( 0 , 0 , 0 ) < -2\\w2f <Q. 


Therefore, applying the implicit function theorem, there are functions z{r), l{r) of class 
defined on some interval (—5, 6),6 > 0 such that z(0) = l{0) = 0 and 

Q\r, z{r),l{r)) = 0, r € (-(f, 5),i = 1, 2. 

This shows that for any t € (—5, (f), 

v{t) = w + rip + z(r)wi + l{r)w 2 G M- 

Since, 


we derive that 


that is, 


From this. 


J{w) = Co = inf J{v), 
veAi 


J{v{r)) > J{w), Vr G (—(f, (f), 

J{w + rip + z{r)wi + l{r)w 2 ) > J{w), Vr G {—6, 6). 
J{w + np + z{r)wi + l{r)w 2 ) — J{w) 


>0, Vr G (0, 6). 

I 

Taking the limit of r —)> 0, we get 

J'{w){ip + /(0)rt;i + /^(0)rt;2) > 0. 

Recalling that J'{w)wi = J'{w)w 2 = 0, the above inequality loads to 

J'{w)ip >0, \/ipe H^{n) 

and so, 

J'{w)ip = 0, \/ip e 

showing that to is a critical point for J. 


□ 
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3 An auxiliary problem 


In this section, we work with an auxiliary problem adapting the ideas explored by del Pino 
Sz Felmer in |14) (see also |T] and US]). 

We start recalling that the energy functional Ix ■ Ex —>■ M associated with {P)x is given 

by 

h{u) = 1: I (|Vu|^ + (Aa(x) + dx + 7 / (jjuU^dx - [ F{u)dx, 

^ JR3 4 Jir3 

where Ex = {E, || • |b) with 


E = \u(^H 


f a{x)\u\‘^dx 

JK3 


< oo 


and 


PlU = 


[ (|Vttp + (Aa(x) + l)|np)dx 
Ju.^ 


Thus Ex ^ H 

for all 1 < s < 2* = for N > 3. A direct computation gives that Ex is a Hilbert 


^ continuously for A > 0 and Ex is compactly embedded in j, 

_ 1 \T Q A r»/-»i'VTrM iP oPi/-»n rnTTzuo -fbol- TP i o o 

N-2 


space. Also, being O C an open set, from the relation 

J ^1 Vtt|^ + (Ao(x) + l) |u|^^ dx > J |u|^dx, 

for all u G Ex with A > 0, fixed 5 G (0,1), there is I/ > 0, such that 

II^IIa,o “ ^1^11,0 — '^II'*^IIa,c>) ^ -^A) A > 0 . 

Hereafter, 


(3.1) 


(3.2) 


kllA,o = ( I (|Vu| + (Aa(x) + l)|u| )dx 


and 


\u\ 2 ,o = ( I \u\‘^dx ) . 


We recall that for any e > 0, the hypotheses (fi) and (/ 2 ) yield 
f{s) < e|s| + Celsp Vx G and s G M. 

Consequently, 


(3.3) 

(3.4) 


F{s) < e|sp + Ce|sp , Vx G and s G M, 

where depends on e. Moreover, for v > 0 hxed in (|3.2p . the assumptions (/i) and (fp 
imply that there is an unique a > 0 verifying 

/(«) 




(3.5) 


Using the numbers a and i^, we set the function /: x 

f{s) =< 

{VS, s > a 


given by 
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which fulfills the inequality 



f{s) < , Vs G M. 

(3.6) 

Thus 

/(s)s < k \ s \‘^, Vs G M 

(3.7) 

and 

F(s)<^|tp,VsGM, 

(3.8) 

where F{s) = f{t) dt. 




Now, since Q, = mt(a“^({0})) is formed by k connected components fdi,..., with 
dist(Oj, fdj) > 0, i 7^ j, then for each j G {1,... , k}, we are able to fix a smooth bounded 
domain n'- such that 


0,j C fdj- and fl' n O' = 0, for i / j. (3.9) 

From now on, we hx a non-empty subset T C {1,... , /c} and 


jsT jex 


1 , if X G nij- 
0 , if X ^ nij-. 


Using the above notations, we set the functions 


g{x, s) = xrix)f{s) + (l - Xt(x))/(s), (x, s) G x M 


and 



g{x, t) dt, (x, s) G X M, 


and the auxiliary nonlocal problem 


(A) 


J — Art-|-(Aa(x)-|-l)tt-|-= ^(x, u), in M^, 
1 u€ Ex. 


The problem (^a) is related to {Px) in sense that, if Ux is a solution for (^a) 
verifying 

ux{x) < a, Vx G \ 

then it is a solution for {Px) ■ 

In comparison to (Ta); problem (^a) hns the advantage that the energy functional 
associated with (^a) j namely, (px ■ Ex —>■ M given by 

(px{u) = - f (|Vri|^ + (Aa(x)-|-l)|n|^)(ix- [ (puU^dx — [ G{x,u)dx, 

2 Jr3 4 J^3 Jr3 

satisfies the (PS) condition, whereas Ix does not necessarily satisfy this condition. 


Proposition 3.1. All {PS)d sequences for (px o.xe bounded in Ex- 
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Proof. Let (tt„) be a {PS)fi sequence for (j)x. So, there is rig G N such that 
(pxiun) - ^^'x{un)un <d + l + ||u„||a, for n > no- 


On the other hand, by (|3.7I) and (|3.8p 


1 




1 1 


F{s) — -f{s)s < - — - v\s\‘, Vx G M'^, s G 


2 e 


which together with (|3.2p gives 

(t>x{Un) - ^(l)'x{Un)Un > Q “ '^ll^nUL Vn G N, 
from where it follows that (rt„) is bounded in Ex- 


□ 


Proposition 3.2. If (un) is a {PS)d sequence for (px, then given e > 0, there is R > 0 
such that 

limsup / {\Vun\‘^ + {Xa{x) + l)\un\'^)dx < e. (3.10) 

Hence, once that g has a subcritical growth, if u (z Ex is the weak limit of iun), then 

/ g{x,Un)undx ^ / g{x,u)udx and / g{x,Un)vdx^ / g{x,u)v dx, € Ex- 
Jrs jr3 Jr3 Jr3 

Proof. Let (u„) be a {PS)d sequence for fx, R > 0 large such that 12^ C Br{0) and 
gn G C°°(]R^) satisfying 

fo, X G Sh(0) 

Vr(x) = < 2 

\l, xGM3\5^(0) 

(j 

0 < < 1 and |Vr/ij| < —, where C > 0 does not depend on R. This way, 

/ (iVttnP + (Aa(x) + l)|u„|^)7/R(ix + / (l)ur,UngRdx 

yR3 Jr3 

=(pxi'<J‘n) {UnVR) - / UnVu„Vr//jdx + / f{Un)UngRdx. 

2r 3 jR3\n'.^ 


Denoting 


L= {{Vunl"^ + {Xa{x) + l)\un\‘^)gRdx, 
2R3 


it follows from (|3.7p . 

L < P'xiUn)iUngR) + ^ / |Un||Vu„|(ix + IX [ \Un\‘^gRdx. 

R Jr3 JR3 

Using Holder’s inequality, we derive 


(j 

L < (p'xiUn) (UnVR) + ^|Wn|2|Vu„|2 + IxL. 


15 


Since (ii„) and (|V?Xji|) are bounded in we obtain 

C 


L < On(l) + 


{l-v)R' 


Therefore 


limsup / (|Vrtn|^ + (Aa(x) + l)|ttnp)(ix < 

n Jv?\B nio) 


C 


{l-v)R' 


So, given e > 0, choosing a R > 0 possibly still bigger, we have that 
proves ()3.10p . Now, we will show that 

/ g{x,Un)undx ^ / g{x,u)udx. 


C 


{1-b)R 


< e, which 


Using the fact that g(x,u)u G together with (I3.10p and Sobolev embeddings, given 

e > 0, we can choose R > 0 such that 


limsup / 

ri—)-+cx3 


\g{x,Un)un\dx <- and [ \g{x,u)u\dx <- 

4 Jr^\b nio) 4 


On the other hand, since g has a subcritical growth, we have by compact embeddings 


/ 9{x,Un) 


Uridx 


'Br{0) 


g{x,u)udx. 


Combining the above information, we conclude that 

/ g{x,Un)undx ^ / g{x,u)udx. 

Jr3 jrs 

The same type of arguments works to prove that 

/ g{x,Un)vdx ^ / g{x,u)vdx, \/v € Ex- 
Jr3 Jr3 


□ 


Proposition 3.3. (px verifies the (PS) condition. 

Proof Let (u„) be a {PS)d sequence for fix and u G Ex such that Un ^ u in Ex- Thereby, 


by Proposition I3.2[ 

/ g{x,Un)undx ^ / g{x,u)udx and / g{x,Un)vdx ^ / g{x,u)vdx, ^ Ex- 

Jr3 Jr3 Jr3 Jr3 

Moreover, the weak limit also gives 

/ VuV{un — u)dx ^ 0 

and 

/ (Aa(x) + l)u{un — u)dx —>■ 0. 

Jr3 

Recalling that fi'^{un)un = 0^(1) and fi'^{un)u = 0^(1), the above limits lead to 


hn - u\\l 0, 


finishing the proof. 


□ 
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4 The {PS)oo condition 


A sequence {un) C is called a {PS)oo sequence for the family ((/!>a)a> 1 ) if there is a 

sequence (A,i) C [1, oo) with —>■ oo, as n ^ oo, verifying 

c and ||</>A„(^'n)||g* ^0, asn^oo, 

for some c G M. 


Proposition 4.1. Let (un) C be a [PS)oo sequence for ((/>a)a>i- Then, up to a 

subsequence, there exists u G such that Un ^ u in Furthermore, 

(i) Un ^ u in 


(a) u = 0 in \ Ox, > 0 for all j G T, and u is a solution for 

{ —An + n + (fuU = f{u), in Ox, 

ueH^inr); 


{P)oo,T 


(Hi) Xn / a(x)|nnp ^ 0; 

Jr^ 

(iv) \\un - ^ for 3 € T; 

(v) ll''^n||^ ^ 0; 

(ri) (t>\n{'0‘n) ^ \ I (|Vnp + |np)(ix + j [ fiuPdx - [ F{u)dx. 

^ Jnr Pr 

Proof. Using the Proposition 13.11 we know that (||un||A„) is bounded in M and (n^) is 
bounded in So, up to a subsequence, there exists u G such that 


u in and Un{x) —)• u{x) for a.e. x G 


Now, for each m G N, we define Cm = | x G ; a{x) > — I . Without loss of generality, 

[ m} 

we can assume An < 2(An — 1), Vn G N. Thus 
r 2 m f 

I dx ^ / (^\na(^x^ ~f“ l^jn,^! dx 

JCm JCrr, 

By Patou’s lemma, we derive 

\u\^dx = 0, 


< 


C 


L 


which implies that n = 0 in Cm and, consequently, n = 0 in \ O. From this, we are able 
to prove (i) — {vi). 


(i) Since n = 0 in \ 0, repeating the argument explored in Proposition 13.31 we get 



Vnp + (Ana(x) + l)|nn — u\‘^)dx 0, 


which implies n^ —?> n in 
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{a) Since u G and tt = 0 in \ 0, we have u G Hq{Q) or, equivalently, 

G HQ{Qj), for j = 1,... ,k. Moreover, the limit — >■ u in combined 

with {un)(p —>• 0 for (p G C^(nx) implies that 




{VuV if + up)dx + / (j)updx 

J riy 



showing that is a solution for the nonlocal problem 


(4.1) 


—Art + u + (puU = f{u), in fix, 
u G H^{nr). 


{P)oo,T 


On the other hand, if j ^ T, we must have 


(|Vup + |up)dx + / (puU^dx — / f{u)udx 

j ^ 4 ^ 7 


= 0 . 


The above equality combined with (|3.7I) and (|3.2I) gives 

0 > - v\\u\\\^. > <5||u||i^f^,(u) > 0, 

from where it follows = 0 for j ^ T. This proves u = 0 outside fix and rt > 0 in 


(in) From (i), 


implying that 


, / a{x)\un\‘^dx = / Xna{x)\un - u\‘^dx < \\un - u\\l^, 
4R3 Jr2 


{iv) Let j G T. From (i). 


\u. 


\n / a{x)\Un'\^dx —)• 0. 


1 ^ ' 1 


Then, 


From (iii) 


This way 


/ (|Vun|^ — \Vu^)dx 0 and / (|un|^ — \u\^)dx —)> 0. 

jQ'y JU'^ 

Xna{x)\Un\'^dx 0. 


IQ' 




’ Qy 


(|Vuf + \uf)dx. 


(v) By (i), \\un — u\W 0, and so. 


u 


'>T’IIa„,R3\C2x 
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(vi) We can write the functional (f)\^ in the following way 




[ (IVlinP + (Ana(x) + l)|tinp)dx + i / (pun^ldz 
Jo' 4 Jq/ 


jer L •'“j 

+ i / (IVUnp + (A„a(x) + l)|tinp)dx + ^ / (l)un'^ndx - I G{x,Un)dx. 


2 jR3\0!f 


From (i) — (n), 


A I 

4 Jr3\0!^ 


/ (|V«„|^ + (A„a(x) + l)|rinp)cix ^ ^ / (|Vttp + |u|^)(Jx, 
Jo' ^ Jo, 

3 

(iV-Unp + (A„a(x) + l)|ttnp)<Jj;0, 


/ (l)u„u'idx / (jiuU^dx, 

Jo,'- Jftj 


^UnU^ 0 


and 


Therefore 


/ 

Jr3\o'y 

G{x,Un)dx ^ / F{u)dx. 

' J Ht 


</’A„(ttn) ^ / (|Vm|^ + |'up)dx + j / (l)uU^dx- [ F{u)dx. 

^ JOt ^ J^T J^T 


□ 


5 The boundedness of the (Ty) solutions 

In this section, we study the boundedness outside tly for some solutions of (^a)- To this 
end, we adapt the arguments found in [T] and m for our new setting. 

Proposition 5.1. Let (^ux) be a family of solutions for (^a) such that ux ^ 0 in 
\ Llr), as X ^ oo. Then, there exists A* > 0 with the following property: 

|■*^Aloo,R3\0'Y < VA > A*. 

Hence, ux is a solution for (Pa) for A > A*. 

Proof. Since dLly is a compact set, fixed a neighborhood B of dLly such that 

BcM.^\ Llr, 
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the interation Moser technique implies that there is (7 > 0, which is independent of A, such 
that 

I^A|L°°(ar2;:^) < {b) 

Since ua —)■ 0 in \ we have that 

I^aIl2*(b) A —7 > oo. 

Hence, there is A* > 0 such that 


VA>A*, 


and so, 


kAlL°°(aQ'Y) < a VA > A*. 

Next, for A > A*, we set Sa • \ given by 

ux{x) = {ux - a)+(x). 

Thereby, ux G \ n^)- Our goal is showing that Sa = 0 in \ This implies 


I“aIoo,R3\0'y — “■ 

In fact, extending Sa = 0 in taking ux as a test function, we obtain 

\/ux'^uxdx+ / (Aa(x) + l)uASAt^3: < / g{x,ux)uxdx. 


/R3\0'^ 


Since 


/K3\Q/ 


Vux^uxdx = / jVuAl^dx, 


/ (Aa(x) + l)nAUAdx 
7 k3\OG 


'(R3\0 


/R 3 \ 0 'y 

(Aa(x) + 1) {ux + a) uxdx 


r) + 


and 


where 


we derive 


/ g{x,ux)uxdx 
dR3\Ot. 


9ix,ux) 


ux 


'(R3\0'^)_^ 

^ \ ^t)+ = {a; G \ n'-f ; ux{x) > a} , 


{ux + a) Uxdx, 


Now, by (13.61) . 


[ |VuApdx+ f ((Aa(x) + 1) - ^ ) {ux + a) uxdx < 0, 

aR3\oG 7 (r3\o!:^) Ux 


^ , -l^ 9 {x,ux) ^ f{x,ux) ^ ^ . 

{Xa{x) + 1)- > V ->0 m 




Ux 


Ux 


This form, ua = 0 in Obviously, ua = 0 at the points where Ux < a, 

consequently, ua = 0 in \ fly. □ 
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6 A special minimax value for 0^ 

For fixed non-empty subset T C {1,..., A;} , consider 

/x(u) = - f {\Vu\‘^ + \u\'^)dx + - I (j)uU^dx— I F{u)dx, 

2 Jnr ^Jnr Jur 

the energy functional associated to (-P)oo,T) and (px^y ■ —>■ M given by 


(p\,riu) = ^ / {\Vu\‘^ + {Xa{x) + l)\u\‘^)dx + j 




|x - y\ 


dy u^dx— / F{u)dx, 


inL 


the energy functional associated to the nonlocal problem 

/ r a~,2 \ 


—Au + (Aa(x) + l)u + 


In'^ - y\ 


dy]u = f{u), in 0'-^, 


oil 


drj 


where 


, . f uix), in O'x 

= 1 0. i., R’ \ nv 


In the following, we denote by ct the number given by 


where 


Ct = inf It{u) 


A^t = {u G A/t : Iy{u)uj = 0 and Uj / 0 Vj G T} 


with Uj = and 

A/'t = {w G Hlin-r) \ {0} ; l'-^{u)u = 0}. 
Of a similar way, we denote by ca,t the number given by 

CA,T = inf 4>x,r{u) 

uGA4y. 


where 


A4t = {u G A/'t : <p'x Y{u)uj = 0 and uj / 0 Vj G T} 


with Ui = u\ , and 


A/'t = {u G H^{Qy) \ {0} : (p'^ y{u)u = 0}. 


Repeating the same approach used in Section 2, we ensure that there exist wy G Hq{Qy) 
and tCA,T G such that 


and 


Ir{wr) = Ct and I^iwY) = 0 
0 a,t(ica,t) = CA,T and (px^ri^x^r) = 0. 
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By a direct computation, it is possible to show that there is r > 0 such that if u € Ady, 
then 

\\uj\\j>T, Vj € T, (6.1) 

where, || ||j denotes the norm on given by 


M\j = 


f (|Vri|^ + \u\'^)dx 

. J 


In particular, since tcx ^ Mr, we also have 

\\wr,j\\j > T \/j € T, 

where wxj = wrluj for all j € T. 


( 6 . 2 ) 


Lemma 6.1. There holds that 

(i) 0 < ca,t ^ cx, VA > 0; 

(ii) ca,t —^ cx, as A —)• oo,. 

Proof 

(i) Using the inclusion i7g(flx) C it easy to observe that 

ca,t < Cx- 

(ii) It suffices to show that cx^j —>• Cj, as n —>■ oo, for all sequences (A^) in [l,oo) 

with \n ^ oo, as n —>• oo. Let (A,i) be such a sequence and consider an arbitrary 
subsequence of (ca„,x) (not relabelled) . Let Wn £ with 

(pXr^riwn) = CA„,x and (l)'x„,riwn) = 0. 

By the previous item, (ca„,x) is bounded. Then, there exists (wn^) subsequence of 
(wn) such that {4>\„^,,riwnk)) converges and y{wn^,) = 0. Now, repeating similar 
arguments explored in the proof of Proposition 14.11 there is w £ Hq{Qx) \ {0} C 
such that 

Wj = w\nj / 0 Vj e T 

and 


Wni,, —)• ra in as k ^ oo. 

Furthermore, we also can prove that 

CA„j^,T = 4>Xr,^^,ri'Wnk) hivj) 

and 

0 = <?iA„. ,T(^nfc) —> I'riw). 
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Then, w G a-^d by definition of Cx, 

limcA„^,T > CT. 

The last inequality together with item (i) implies 

CA„j^,T —t CT, as fe oo. 
This establishes the asserted result. 


□ 


In the sequel, we fix i? > 1 verifying 


0 < Ij Ij{Rwj){Rwj) < 0, for j G T, (6.3) 


where /,■ denotes the ensuing functional 


Ij{u) = - / (|Vtip + |up)dx + - / (puU^dx — / F{u)dx, u ^ HQ{Q,j 
2 Juj 4 Jq. 

with (/)„ being the solution of the problem 


J — A(/) = , in 

\ (/. G 

In the sequel, to simplify the notation, we rename the components Qj of fl in way such 
that T = {1, 2,... , Z} for some 1 <l <k. Then, we define: 

l 

7 o(t)(x) = ^tjRwjix) G i?o(flT), Vt = G 

i=i 

r, = {7 G C{[l/R^ if, Ex \ {0}) ; 7(t)b' / 0 Vj G T ; 7 = 7 o on d[l/R^, 1]^} 

and 

bx,r = inf max (/)A(7(t)). 

Next, our intention is proving an important relation among 6 a,T, cx and ca,x- However, 
to do this, we need to some technical lemmas. The arguments used are the same found in 
[T], however for reader’s convenience we will repeat their proofs 

Lemma 6.2. For all 7 G T*, there exists (si, ... ,si) G [1/R?, 1]^ such that 


■ ■ ■, si)){-i{si,..., si)) =0, Vj G T 

where 

(t>\j{u) = \ [ (|Vttp + (Aa(3:) + l)|rip)(ix + ^ [ ^'uU^dx- [ F{u)dx, uGH'^(IIx). 
2 Jnr 4 jQr Jn' 

J J T 
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Proof Given 7 G F*, consider 7 : [1/ii^, 1]* ^ MJ such that 

7(t) = ((/>A,i( 7 (t)) 7 (t),..., 0 ';^_^( 7 (t)) 7 (t)), where t = 

For t G it holds 7 (t) = ^(t). From this, we observe that there is no 

t G d[l/B?, 1]^ with 7 (t) = 0. Indeed, for any j G T, 

</>A,j(7o(t))7o(t) = /j(7o(t))7o(t). 

This form, if t G d[l/B?, 1]^, then = 1 or for some Jq G T. Consequently, 

'?^A,io(^o(t))7o(t) = Ij{Rwjo){Rwjo) < 0 
or 

</'A,io(7o(t))7o(t) = I'j > 0 - 

Therefore, from ()6.3p . 

'^A,io(^o(*))^o(t) / 0 . 

Now, we able to compute the degree deg ( 7 , {1/R?, 1)^, (0,..., 0)). Since 

deg ( 7 , (l/-R^ 1 )', ( 0 ,..., 0 )) = deg ( 70 , 1 )', ( 0 ,..., 0 )), 

and, for t G 1)^ 

7o(t)=0 ^ t=(i 

we derive 

deg( 7 ,(l/i? 2 ,iy,( 0 ,..., 0 )) /O. 

This shows what was stated. □ 

Proposition 6.3. 

(i) ca,t < ^A,T < cx, VA > 1; 

(ii) 6 a,T Cx, as X ^ 00 ; 

(in) (p\{y(t)) < Cx, VA > 1 ,7 G F* and t = (ti,..., t/) G (9[l/i2^, 1]^ 

Proof 

(i) Since 70 G F*, 

i 

b\,r < max 4>x{7oih, ■ ■ ■ Ri)) < max Ir(S^ tjRwj) = cr- 

Now, fixing s = (si ,... ,si) G [1/R)^, 1]^ given in Lemma [ 6 .21 and recalling that 

ca,t = inf, (^a,t(w) 

u€A4y 
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where 


A4'~f = {ri € A/’x : (l)'x -Y{u)uj = 0 and Uj ^ 0 Vj € T} 


it follows that 

0 a , t ( 7 ( s )) > ca , t - 

From ()3.8p . 

4 ’\, r 3 \ q >^{ u ) > 0, Vti g \ rix)) 

which leads to 

> 0A,T(7(t)), Vt = 

Thus 

max >(t>x,r{'y{s)) >cx,r, 

showing that 

bx,T > ca , t ; 

(ii) This limit is clear by the previous item, since we already know ca,t —>■ cx, as A —>■ oo; 

(iii) For t = {ti,... ,ti) G 1]^, it holds 7 (t) = 7 o(t). From this, 

</>A(7(t)) = /T(7o(t)). 

From ()6.3p . we derive 

(px{l{t)) < cx - e, 

for some e > 0, so (iii) holds. 

□ 


7 Proof of the main theorem 

To prove Theorem ll.2[ we need to hnd nonnegative solutions ux for large values of A, which 
converges to a least energy solution of {P)oo,T as A —)■ oo. To this end, we will show two 
propositions which together with the Propositions 14.11 and 15.11 will imply that Theorem 11.21 
holds. 

Henceforth, we denote by 

© = |u G £;a : ||u||a,o' > ^ Vj G t} 

and 

(f)^^ = {m G FIa ; (l>xiu) < ct}- 
Moreover, we fix 5 = and for // > 0, 

A^ = {ue ©25 : \4>x{u) - cxI < /i} . (7.1) 
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We observe that 


wr , 

showing that n (j>^^ ^ 0 . we have the following uniform estimate of ||(/>^(u)||g* on the 
region {A^^ \ A^) n . 

Proposition 7.1. For each fi > 0, there exist A* > 1 and (Tq > 0 independent of X such 
that 

||0a(“)||£;* ^ ^ 0 , for A > A* and all u G \ fl . (7.2) 

Proof We assume that there exist —>■ oo and Un G {A^f^ \ H ((rff such that 

An 

Since Un G A^^, this implies (||rrn||A„) is a bounded sequence and, consequently, it follows 
that (0An(^n)) is also bounded. Thus, passing a subsequence if necessary, we can assume 
{4>Xn{un)) converges. Thus, from Proposition 14.11 there exists 0 <u € i7g(nx) such that 
u is a solution for {SP)r, 

Un^u in ||Mn||A„,R3\QT 0 and (j)x„{un) Ir{u). 


Recalling that (un) C © 25 , we derive that 


\un\\x^,nr > ^2^ 


Vj G T. 


Then, taking the limit of n ^ + 00 , we find 

llulli > 4 Vi e T. 

yields A 0 foi" ^ii f and /^(n) = 0. Consequently, by lED. 

Il^lb- > ^ Vi € T. 

This way, Ir{u) > ct- But since fx^iun) < cx and fxni'o-n) Ir{u), for n large, it holds 


\\un\\j > ^ and \4>xAun) -cr\< fi, Vj G T. 

So Un G A^^, obtaining a contradiction. Thus, we have completed the proof. 
In the sequel, fii,li* denote the following numbers 


□ 


min |/x(7o(t)) — cxI = Mi > 0 
te9[i/R2,i]* 


and 


fi* = mm{fii,6,r/2}, 

where 6 were given (HH) and 



Moreover, for each s > 0, denotes the set 

Bg = |tt G PIa ; ll^ilU <'s} for s > 0. 
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Proposition 7.2. Let /i > 0 small enough and A* > 1 given in the previous proposition. 
Then, for A > A*, there exists a solution u\ of (Ax) such that ux € H H 

Proof Let A > A*. Assume that there are no critical points of (fx in A^ H H B^+i- 
Since (j)x verifies the {PS) condition, there exists a constant dx > 0 such that 


||</> a ( w )||^* > dx, for all u e n 

From Proposition 17.11 we have 

||</>a(m)||^. > ctq, for all u e \ A^'^ n 

where do > 0 does not depend on A. In what follows, 'F: Ex —>■ M is a continuous functional 
verifying 

'F(u) = 1, for u G A^ n 05 n B^, 

'l'(tt) = 0, for u ^ Al 2 ^ n 025 n -B^+i 

and 

0 < ^(u) < 1, Vtt G Ex- 
We also consider H: (jfff —>■ Ex given by 

^ for 

\ 0, for u ^ 5^+1, 

where P is a pseudo-gradient vector field for <I>a on /C = {u G Ex ; '^a(^) ^ Observe 
that H is well defined, once A 0) for u G A^^ fl (jyff. The inequality 

< 1, VA > A* and u G (fyff, 


guarantees that the deformation flow rj: [0, oo) x (j)'^ —)■ defined by 

^ = H{r]), r]{0,u) = u G (t)‘'ff 


verifies 


^(j)x{r]{t,u)) < -^^{g{t,u))\\(j)'x{r]{t,u))\\ < 0, 


dr] 

dt 


= II^(^)IIa^i 


and 

g{t, u) = u for alH > 0 and u G (fPff \ A^^ 0 -B^+i- 
We study now two paths, which are relevant for what follows: 


(7.3) 

(7.4) 


(7.5) 


• The path t r]{t, 7o(t)), where t = (ti, ... ,ti) G [1/7?^, 1]*. 
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Thereby, if // € (0,/i*), we have that 


Since 

from (|7.5I) . it follows that 


7o(t) 

4>\{lo{t)) < CT, vt € d[l/R^,lf, 


^(i>7o(t)) = 7o(t), Vt G d[l/R^,lf. 
So, ? 7 (t, 7 o(t)) G r*, for each t > 0. 

• The path t i-)- 7 o(t), where t = (ti,..., t;) G [1/, 1]^ 


We observe that 


and 


supp( 7 o(t)) C Ot 


‘/’A (70(f)) does not depend on A > 1, 


for all t G Moreover, 


</>A( 7 o(t)) < CT, Vt G 


and 


Therefore 


</'A(7o(t)) = CT if, and only if, tj = Vj G T. 


mo = sup |(/>a('«) ; u G 7 o([l/i?^, 1]') \ 

is independent of A and mo < ct- Now, observing that there exists iV* > 0 such that 

\(l)\{u) - (j)\{v)\ < K4\u - u||a, Vri,r; G 

we derive 

max 4>x(v(T,^ o{t))) < max ) mo ,ct --T:^cro/r 


te 


(7.6) 


for T > 0 large. 

In fact, writing u = 7o(t), t G [1/7?^, l]^ if ri ^ A^, from (17.3p . 

(pxivit^u)) < (pxiu) < mo, Vt > 0, 
and we have nothing more to do. We assume then u G and set 


ri{t) = r/(t, u), dx = min {dx, uo} and T = 


K*dx 


Now, we will analyze the ensuing cases: 
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Case 1: r]{t) £ As n 0^ Pi Vi G [0, T], 

Case 2: Tj{to) ^ As 0 0^0 for some to G [0,T]. 

Analysis of Case 1 

In this case, we have 'I'(77(t)) = 1 and II — ^ ^ [0;^]- Hence, from 

o, 

4>x{rj{T)) = 4>x{u) + j -^4>x{vis)) ds < cr - ^ j dxds, 

that is, 

(pxiviT)) <CT- ^dxT = CT- 

showing (|7.6p . 

Analysis of Case 2: In this case we have the following situations: 

(a): There exists t 2 G [0,T] such that 7 /(^ 2 ) ^ 0(5) and thus, for ii = 0 it follows that 

\\fl{t2) - i7(ii)|| >S>fi, 

because fi{ti) = u £ Q. 


(b): There exists t 2 £ [0,r] such that f/(i 2 ) ^ so that for ti = 0, we get 

Mt 2 )-V{ti)\\ >r> n, 

because 7?(ii) = u £ B^. 


(c): T/(i) G 05 n B^ for all t £ [0,T], and there are 0 < ti < t 2 < T such that 

fjit) £ As \ Ay for all t £ [ii, ^ 2 ] with 

2 /^ e 

l<^A(7?(ii)) - ctI = /i and \(pxifjit 2 )) - ct| = -y 
From definition of A*, we have 


\\W2 - 'Will > ^|0 a(w2) - </>a('Wi)| > 

Then, by mean value theorem, t 2 — ti > and, this form, 

(j)x{v{T)) < (pxiu) - [ ^'(i 7 (s))||(/>'^(^(s))|| ds 
Jo 

implying 


rt2 

(j)x{rj{T)) <cr - aods = cr - (To{t 2 - h) < cx 
Jti 


1 


O-Q/i, 
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which proves (17.61) . Fixing ■ ■ ■ ,ti) = r/(T, 7 o(ii,... we have that ■ ■ ■ ,ti) E 
025, and so, r/(ti,..., ^ 0 for all j E T. Thus, rf E F*, leading to 


bx,r < max (pxivih, ■ ■ ■ ,ti)) < max \ mo, 


CT - r < 


which contradicts the fact that hxr ^ CT- 


□ 


[Proof of Theorem 11.2) According Proposition 17.21 for /r E (0,/r*) and A* > 1, there 
exists a solution ux for (Aa) such that ux E n c/)'^, for all A > A*. 

Claim: There are Aq > A* and /tq > 0 small enough, such that ux is a solution for (Pa) 
for A > Aq and fi E (0, fio). 

Indeed, fixed E (0,//o), assume by contradiction that there are A^ ^ oo, such that 
(riA„) is not a solution for {SP)x„- From Proposition 17.2[ the sequence (ua„) verifies: 

(a) c/i'xjuxj = 0, Vn E N; 

(b) ^0; 

(c) ^x„iuxj -^d<cr. 

The item (b) ensures we can use Proposition 15.11 to deduce ux„ is a solution for (S'P)a„, 
for large values of n, which is a contradiction, showing this way the claim. 


Now, our goal is to prove the second part of the theorem. To this end, let (ux^) 
be a sequence verifying the above limits. A direct computation gives 4’Xn{uXn) d with 
d < cr- This way, using Proposition 14. II combined with item (c), we derive (ua„) converges 
in to a function u E which satisfies u = 0 outside fix and 7 ^ 0, j E T, 

and rt is a positive solution for 


-Art + U+ ( f -7 -^— 

\Jnr \x-y\ J 

uEPoH^t), 


u 


f{u), in fix, 


(P) 


00,T 


and so. 


> Cx- 


On the other hand, we also know that 




implying that 


Ir{u) = d and d> cr- 


Since d < cx, we deduce that 


Ir{u) = Cx, 


30 







showing that u is a least energy solution for {P)oo,T- Consequently, {u, is a least energy 
solution for the problem 

—Au + u + (l)u = f{u), in 
< —A(j) = v?, in 
u^HliVLr). 

□ 
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